A frequency-domain method is developed for evaluating the earthquake input energy to two building structures connected by viscous dampers. It is shown that the earthquake input energies to respective building structures and viscous connecting dampers can be defined as works done by the boundary forces between the subsystems on their corresponding displacements. It is demonstrated that the proposed energy transfer function is very useful for clear understanding of dependence of energy consumption ratios in respective buildings and connecting viscous dampers on their properties. It can be shown that the area of the energy transfer function for the total system is constant regardless of natural period and damping ratio because the constant Fourier amplitude of the input acceleration, relating directly the area of the energy transfer function to the input energy, indicates the Dirac delta function and only an initial velocity (kinetic energy) is given in this case. Owing to the constant area property of the energy transfer functions, the total input energy to the overall system including both buildings and connecting viscous dampers is approximately constant regardless of the quantity of connecting viscous dampers. This property leads to an advantageous feature that, if the energy consumption in the connecting viscous dampers increases, the input energies to the buildings can be reduced drastically. For the worst case analysis, critical excitation problems with respect to the impulse interval for double impulse (simplification of pulse-type impulsive ground motion) and multiple impulses (simplification of longduration ground motion) are considered and their solutions are provided.
Introduction
In the current structural design practice of buildings in earthquake prone countries, the structural control using base-isolation systems and passive dampers is of primary concern. Especially a hybrid system of a base-isolation system and a passive damper control system is getting much interest (for example Murase et al. 2013) .
Since base-isolation systems and passive control dampers are generally characterized as systems to absorb considerable energies supplied by a ground motion input, it is believed that the investigation from the viewpoint of earthquake input energy is suitable in such systems. A lot of research works have been conducted on the topics of earthquake input energy to building structures (for example , Housner 1959; Zahrah and Hall 1984; Akiyama 1985; Uang and Bertero 1990; Leger and Dussault 1992; Kuwamura et al. 1994; Ordaz et al. 2003; Takewaki 2004a Takewaki , b, 2005a Takewaki , b, 2007a . In some earthquake prone countries, the earthquake input energy is treated as an earthquake input demand in the seismic design regulations. The earthquake input energy has usually been computed in the time domain since the development of advanced computational algorithms, e.g. numerical integration algorithms. The time-domain approach has several advantages, e.g. the availability in non-linear structures, the description of time-history response of the input energy, the possibility of expressing the input energy rate. On the other hand, the time-domain approach is not necessarily appropriate for probabilistic and bound analysis under uncertainties (Takewaki 2004a (Takewaki , 2005b (Takewaki , 2007 . For such purpose, the frequency-domain approach (Lyon 1975 , Ordaz et al. 2003 , Takewaki 2004a , b, 2005a , b, 2006 , 2007a is appropriate because it uses the Fourier amplitude spectrum of input ground accelerations and the time-invariant energy transfer functions of the structure in an independent product form.
Vibration control of buildings by connection is very popular recently (Seto 1994 , Luco and Barros 1998 , Xu et al. 1999 , Kim et al. 2006 , Takewaki 2007b , Christenson et al. 2007 , Basili and Angelis 2007 , Ok et al. 2008 , Cimellaro et al. 2011 , Roh et al. 2011 , Zhu et al. 2011 , Richardson et al. 2013a . It was pointed out that the use of the difference of natural periods of two buildings is very useful and effective for vibration suppression because no energy supply is necessary. It was shown that the total input energy by actual ground motions to the overall system including both buildings and connecting viscous dampers is supposed to be almost constant regardless of the quantity and location of connecting viscous dampers. This property was partially examined by the use of two single-degree-of-freedom (SDOF) models connected by a viscous damper. A remarkable property of equi-area of the energy transfer functions supports the property of the nearly constant input energy. This leads to an advantageous feature that, if the energy consumption in the connecting viscous dampers increases, the input energies to the buildings can be reduced drastically.
In this paper, the input energies to connected buildings under double impulse (simplification of pulse-type impulsive ground motion) and multiple impulses (simplification of long-period and long-duration ground motion) are considered. Critical excitation problems for both inputs with respect to the impulse interval are posed and solved. 
Earthquake input energy to connected SDOF models

Equations of motion
Consider a connected building structure shown in Fig.1(a) . The right building is called building 1 (main structure) and the left one building 2 (sub-structure). It is noted that, when the spring and viscous damper in building 2 are removed, the model is reduced to a 2DOF shear building model. Two cases, i.e. a structural system of disconnected two SDOF models and a structural system of rigidly connected two SDOF models (Figs.1(b) , (c)), have been treated in Reference (Takewaki 2007b) as limiting cases for clear understanding of vibration properties of this system. The formulation in the frequency domain will be shown in this section.
Let 1 m and 2 m denote the masses of building 1 and 2. The story stiffnesses and damping coefficients of building 1 and 2 are denoted by 1 1 2 2 , , , k c k c , respectively. The stiffness and damping coefficient of the connecting damper are indicated by 3 k and 3 c , respectively. The equations of motion of the model shown in Fig.1 (a) may be expressed as   1  3  3  1  3  3  1  1  1  1  1   3  2  3  3  2  3  2  2  2  2  2 0
Fourier transformation of Eq.
(1) results in the following form.
where [G] and {B} are the following coefficient matrix and vector. 2  1  3  1  1  3  3  3  2  3  3  2  3  2  2  3 i (
The vector 
In Eq. (5) 
The transfer function can be obtained in closed form.
where
Finally the displacement and velocity transfer functions may be obtained in closed form.
Earthquake input energy in frequency domain
With the help of these closed-form expressions, the input energy to the overall model may be expressed as   
where () C F  is 'the energy transfer function' for the total system and is defined by 12 2 2 2 2 12
Assume that the Fourier transform of the input ground acceleration is constant.
This input ground motion acceleration indicates the Dirac delta function at t=0 (Takewaki and Fujita 2009) . Then the input energy can be related directly to the area of the energy transfer function and expressed as 2 0 ()
Since the energy given by the initial velocity is constant regardless of the stiffness and the damping coefficient of the model in the case of constant mass, it can be concluded that the area of the energy transfer function is constant regardless of the stiffness and the damping coefficient of the model.
Earthquake Input Energy to Connected Models as Sum of Input Energies to Subassemblages
While Eq.(12) defines the energy transfer function for the whole system, the energy transfer function can also be defined for each subassemblage. Assume Consider first the earthquake input energy in the time domain. The work done by the boundary forces in each subassemblage (building 1, building 2 and connecting damper) can be expressed as follows.
Summation of Eqs.(15a-c), introduction of equilibrium equation between the boundary forces for the total system and the inertial force and use of integration by parts lead to the input energy to the overall system. Fourier and inverse Fourier transformation of Eqs.(15a-c) lead to the following expression of the input energy in the frequency domain.
Eqs. (12), (16), (17) provide
The property of input energies to subassemblages can be understood from Eq. . The fundamental natural period of the main structure is 0.26(s) and that of the substructure is 0.18(s). This model corresponds to the case which is shown in the rightside figure in Fig.2 as a large dot (Mitsuda et al. 2014 . In this case, the lowest mode represents the mode (mp-mode: meeting and parting-mode) in which both masses move in the reverse direction. In this model, the lowest damping ratio increases monotonically with respect to the damping coefficient of the connecting damper as shown in the left-side figure in Fig.2 . The damping coefficients of the main structure and sub-structure are 
h h
h h  tr-mode has a local maximum. tr-mode has a local maximum. 
Earthquake input energy by double impulse (Simplified impulsive ground motion)
In Section 2-2, an input ground motion acceleration with a constant Fourier amplitude was considered. As pointed out before, this input ground motion acceleration is the Dirac delta function at t=0. A more practical input as a simplified impulsive ground motion may be a combination of impulses. It is well understood that one cycle sinusoidal motion is a good substitute of a class of near-fault ground motions (Fling-step input) (see Mavroeidis and Papageorgiou 2003 , Kalkan and Kunnath 2006 , Khaloo et al. 2015 . It can be confirmed that, if the Fourier amplitudes of the double impulse and one cycle sinusoidal motion coincide well, the maximum displacement responses of a resonant undamped single-degree-of-freedom system under both input models exhibit a good agreement. This comparison is shown in Fig.4 
where V is the change of velocity of ground motion at t=0 and
corresponding one-cycle sine wave 
The square of the absolute value of Eq.(21) is derived as
The normalized squared Fourier amplitude 0 2 2cos t   of the double impulse is shown in Fig.7 ( 0 t =1s) together with the corresponding sine wave of one cycle. It can be found that a fairly good correspondence exists in the first peak. Because the first peak plays an important role in the evaluation of the critical input as explained just afterward, this correspondence in the first cycle is sufficient for the simplification of the sinusoidal wave (impulsive ground motion) by double impulse.
The validity of using the double impulse as a substitute of one-cycle sine wave as shown in Fig.5 can be demonstrated by using time-history response analyses. The result is presented in Appendix 1. It can be concluded that the double impulse is a good substitute of the one-cycle sine wave so long as their maximum Fourier amplitudes coincide.
Eq.(12) for this input is obtained as
The normalized expression of Eq.(23) can be described as
A critical excitation problem (Drenick 1970 , Takewaki 2001 , 2002 , 2007a can be formulated as follows for this double impulse. The worst interval of these impulses can be defined as such that the input energy attains the maximum (see Fig.8 ). The normalized input energies to subassemblies can be expressed following Eq.(17).
The worst interval of impulses can also be defined for each subassemblage. Connecting damper level: large Fig.11 Input energies to overall system, main structure, substructure and connecting damper with respect to interval of double impulses
Figs.9-11 show the input energies, defined by Eqs. (24), (25), to the overall system, the main structure, the substructure and the connecting damper with respect to 0 t for three damper levels (small, medium, large). It can be observed that the worst interval of two impulses can be different for the main structure, the substructure and the connecting damper depending on the connecting damper levels (small, medium, large).
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Earthquake input energy by multiple impulses (Simplified long-duration ground motion)
The double impulse represents an impulsive type earthquake ground motion. On the other hand, the long-duration ground motion can be represented by the following N impulses (see Fig.12 ). 
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The normalized squared Fourier amplitude spectrum Fig.13 together with that for the corresponding sinusoidal wave of 10 cycles. It can be observed that a good coincidence exists in the first peak. Since only the first peak plays an important role in the evaluation of the critical input as in the case of the double impulse, this correspondence in the first cycle is sufficient for the simplification of the sinusoidal wave (long-duration ground motion) by 20 impulses. When we compute the input energy by 20 impulses (N=20), it is sufficient to replace Figs.15-17 show the normalized earthquake input energies to the overall system and each subsystem with respect to impulse interval for three levels of connecting dampers. The model parameters are the same as the above case. The worst interval of impulses can also be defined for each subassemblage. It can be observed that, when the level of the connecting dampers is small, the building 1 (main structure), building 2 (substructure), connecting dampers and the total system exhibit different critical intervals of impulses. On the other hand, when the level of the connecting dampers is large, those exhibit almost the same critical interval. It can also be understood that, as 0 t becomes large, the normalized earthquake input energy converges to 
Conclusions
The conclusions may be stated as follows. (1) The energy transfer function () F  of damper-connected building models characterizing the earthquake input energy in the frequency domain has an equiarea property regardless of the connecting damper quantity. This property of () F  can be proved by the time-domain method for an idealized model of input motions with a constant Fourier amplitude spectrum. This idealized input model corresponds to the acceleration of the Dirac delta function in the time domain and the input energy can be characterized by the initially given kinetic energy depending only on the total mass and the initial velocity. (2) The proposed energy transfer functions for the overall system and each subassemblage (respective buildings and connecting viscous dampers) are very useful for clear understanding of dependence of energy consumption ratios in respective buildings and connecting viscous dampers on their properties. (3) Critical excitation problems with respect to the impulse interval for double impulse (simplification of pulse-type impulsive ground motion) and multiple impulses (simplification of long-duration ground motion) have been considered and their solutions have been provided. The frequency domain formulation of earthquake input energy enabled the direct solution to the critical excitation problem. It has been made clear that the worst interval of two or multiple impulses can be different for the main structure, the substructure and the connecting damper depending on the connecting damper levels.
It is anticipated that the input energy to the overall system by a general ground motion input is approximately constant regardless of the quantity of connecting viscous dampers. This property is also guaranteed and supported by the equi-area property of the energy transfer function and leads to an advantageous feature that, if the energy consumption in the connecting dampers increases, the input energies to the buildings can be reduced effectively.
The evaluation of the earthquake input energy in the time domain is suitable for the evaluation of the time history of the input energy, especially for non-linear systems. Dual use of the frequency-domain and time-domain techniques may be preferable in the advanced seismic analysis for robuster design. Fig.A1 shows the displacement time histories of the main structure and the substructure in the case where 0 t (interval of double impulses) is half the natural period of the 'main structure'. It can be observed that the response to the double impulse can be a good substitute of that to the corresponding one-cycle sine wave. On the other hand, Fig.A2 presents the displacement time histories of the main structure and the substructure in the case where 0 t is half the natural period of the 'substructure'. It can be observed again that the response to the double impulse can be a good substitute of that to the corresponding one-cycle sine wave. Furthermore it can be understood from these figures that the responses of the structure (main structure or substructure) to both inputs exhibit better correspondence when the natural period of that structure coincides with twice of the input interval 0 t . 
